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In 1883 Arzelà (1983/1984) [2] gave a necessary and suﬃcient condition via quasi-uniform
convergence for the pointwise limit of a sequence of real-valued continuous functions on
a compact interval to be continuous. Arzelà’s work paved the way for several outstanding
papers. A milestone was the P.S. Alexandroff convergence introduced in 1948 to tackle the
question for a sequence of continuous functions from a topological space (not necessarily
compact) to a metric space. In 2009, in the realm of metric spaces, Beer and Levi
(2009) [10] found another necessary and suﬃcient condition through the novel notion
of strong uniform convergence on ﬁnite sets. We offer a direct proof of the equivalence
of Arzelà, Alexandroff and Beer–Levi conditions. The proof reveals the internal gear of
these important convergences and sheds more light on the problem. We also study the
main properties of the topology of strong uniform convergence of functions on bornologies,
initiated in Beer and Levi (2009) [10].
© 2010 Elsevier Inc. All rights reserved.
1. Introduction and notations
In 1883 Arzelà [2] resolved a fundamental conundrum of analysis: what precisely must be added to pointwise conver-
gence of a sequence of continuous functions to preserve continuity? In his celebrated papers [2] and [3] he formulated
a set of conditions which are both necessary and suﬃcient for the continuity of a series of continuous functions deﬁned
in a fundamental interval (compact) of the real line. In 1905, the condition for which Arzelà introduced the term “uniform
convergence by segments” was called “quasi-uniform convergence” by Borel in [12]. Townsend in [32] used Moore’s term
subuniform convergence. In the same year Hobson presented Arzelà’s result in a more rigorous form in [21]. In 1926 Hobson
in his monumental work [22] extended Arzelà’s Theorem to closed and bounded sets of the reals (using the Heine–Borel
covering theorem in this area for the ﬁrst time). In 1948 P.S. Alexandroff in [1] studied the question for a sequence of
continuous functions from a topological space X (not necessarily compact) to a metric space Y . We quote also the seminal
paper of Bartle [5], where Arzelà’s Theorem is extended to nets of real-valued continuous functions on a topological space.
In 1970 Poppe [29] and in 1979 Predoi [30,31] deﬁned various types of convergence for nets of functions with values in
metric or uniform spaces. In 1993 Bukovská, Bukovský and Ewert [15] compared all of them with the Arzelà convergence.
Several authors (see [24,18,19]) investigated and characterized spaces in which Arzelà convergence automatically coincides
with the pointwise convergence on C(X). The different notions of quasi-uniform convergence are strictly connected to the
metric or the uniformity on Y . In 1997 Ewert [19] deﬁned a new type of convergence (of Alexandroff type) on spaces which
is not uniformizable in terms of open covers of Y . This convergence preserves continuity and under some assumptions
implies or coincides with the Arzelà convergence.
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Weierstrass uniform convergence, Leader convergence and Arzelà convergence) for functions from a topological space X to
a proximity space Y . They use proximal convergence and in this setting the notion of Arzelà quasi-uniform convergence has
a more transparent use of quantiﬁers.
In 2009, in the realm of metric spaces, Beer and Levi [10] found a new theoretical approach giving another necessary and
suﬃcient condition through the notion of strong uniform convergence on bornologies, when this bornology reduces to that
of all ﬁnite subsets of X . Moreover, the topology of strong uniform convergence on bornology of nonempty subsets with
compact closure for C(X, Y ), as well as on bornology of bounded sets, agrees with the classical function space topologies.
So the new Beer–Levi theory does not discard the classical one in the most important cases, but it builds on it. During our
revision of the paper, Gerald Beer advised us that the Beer–Levi topology of strong uniform convergence on ﬁnite subsets
is equivalent to the sticky topology (or V-convergence topology) deﬁned by Bouleau in 1969 as the weakest topology ﬁner
than pointwise convergence preserving continuity (see [13] and [14]). Since the Beer–Levi approach, based on bornology
theory and variational analysis is more general, we focus on strong uniform convergence on bornologies. As announced
before, the new condition of Beer and Levi is indeed easy to handle and visualized, but formally it is far removed from the
classical ones. So we offer a direct proof of the equivalence of Arzelà, Alexandroff and Beer–Levi conditions which reveals
the internal machinery within their deﬁnitions.
We now introduce the notion of bornology that will be central in what follows. A bornology B on a metric space (X,d)
is a family of subsets of X that is closed under taking ﬁnite unions, is hereditary and forms a cover of X (see [23]).
The pioneering work of S.T. Hu [25] has investigated bornologies deﬁned on metrizable spaces that correspond to that of
bounded sets with respect to an admissible metric. He was the ﬁrst to build a framework to discuss macroscopic phenomena
and their interplay with the local structures investigated in general topology. For metric bornologies the interested reader
may consult [4,6–8,11,9,26].
By a base B0 for a bornology B we mean a subfamily of B that is coﬁnal with respect to inclusion. The smallest
bornology on X is the family of ﬁnite subsets of X , F , and the largest is the family of all nonempty subsets of X , P0(X).
Another important bornology is the family K of nonempty subsets of X with compact closure.
In this paper all metric spaces have at least two points. Let (X,d) be a metric space, if x0 ∈ X and  > 0, we write S(x0)
for the open -ball with center x0. We denote the -enlargement of A by
A =
⋃
x∈A
S(x).
The power set of X will be denoted by P(X) and the family of all compact subsets of X by K(X). Let X and Y be
topological spaces, and Y X (C(X, Y )) be the set of all functions (continuous functions) from X to Y . The commonly used
topologies on C(X, Y ) are the compact-open topology τk , and the topology of pointwise convergence τp (see [34]). We
denote the corresponding space by (C(X, Y ), τk) (resp. Ck(X) when Y = R), and (C(X, Y ), τp) (resp. Cp(X) when Y = R).
If Y has a uniformity U we have the classical topology of uniform convergence τu on Y X , and the topology of uniform
convergence on compacta which coincides with τk for the space of continuous functions (see [34]). In general we have
τp  τk  τu .
In [10], Beer and Levi introduced the notion of strong uniform continuity on a bornology B, and the topology of strong
uniform convergence on a bornology for function spaces.
Deﬁnition 1.1. Let (X,d) and (Y ,ρ) be metric spaces and let B be a subset of X . A function f : X → Y is strongly uniformly
continuous on B if for every  > 0 there is δ > 0 such that if d(x,w) < δ and {x,w} ∩ B = ∅, then ρ( f (x), f (w)) <  .
Of course if f ∈ C(X, Y ) and K is a compact subset of X , then f is strongly uniformly continuous on K .
If B is a family of nonempty subsets of X and (Y ,ρ) a metric space, a function f ∈ Y X is called strongly uniformly
continuous on B if for each B ∈ B, f is strongly uniformly continuous on B .
Let B be a bornology with a closed base on X . The classical uniformity for the topology τB of uniform convergence on B
for C(X, Y ) has as a base for its entourages all sets of the form
[B, ] := {( f , g): for every x ∈ B ρ( f (x), g(x))< } (B ∈ B,  > 0).
Deﬁnition 1.2. Let (X,d) and (Y ,ρ) be metric spaces and let B be a bornology with a closed base on X . Then the topology
of strong uniform convergence τ sB is determined by a uniformity on Y
X having as a base all sets of the form
[B, ]s := {( f , g): ∃δ > 0 for every x ∈ Bδ ρ( f (x), g(x))< } (B ∈ B,  > 0).
On C(X, Y ) this topology is in general ﬁner than the classical topology of uniform convergence on B, but reduces to it
on the class of functions that are strongly uniformly continuous on B. As a result, if B has a compact base, then τ sB = τB on
C(X, Y ) [10, Corollary 6.6]. In Section 3, we provide necessary and suﬃcient conditions for this equality in the case Y = R.
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s
K of
strong uniform convergence on K (the family of all nonempty subsets of X with compact closure) and the compact-open
topology τk coincide. So we have
τp  τ sF  τ sB and τk = τ sK on C(X, Y ).
Each such topology is Tychonoff.
Under the assumption on B given in Remark 3.4, we have τ sB  τk . In this case the τ sB topology has a natural place in
the lattice of all topologies deﬁned in Y X , viz.
τp  τ sB  τk.
In the paper we continue the study initiated in [10], and we characterize several main topological properties of these
function spaces in terms of properties of the involved spaces X and Y and the bornology. The reader is referred to [17,27,
28,34] for standard notions and deﬁnitions.
2. On Arzelà’s Theorem (1883–2009)
The notion of quasi-uniform convergence was introduced for the ﬁrst time by Arzelà [2] in 1883 to give a necessary and
suﬃcient condition for the continuity of a series of real-valued continuous functions deﬁned on compact intervals of R.
Nowadays, Arzelà’s work, in the setting of the pointwise limit of a sequence of real-valued continuous functions, can be
formulated as follows.
Deﬁnition 2.1. Let ( fn)n∈ω be a sequence of real-valued continuous functions deﬁned on a compact interval [a,b], and f be
a real-valued function deﬁned on [a,b]. The sequence ( fn)n∈ω is said to converge to f quasi-uniformly by segments (a tratti)
on [a,b] if
(i) ( fn)n∈ω converges pointwise to f ;
(ii) for every  > 0 and every n0 there exist a ﬁnite number of naturals n1, . . . ,nt  n0 and closed intervals Sn1 , . . . , Snt ,
such that the union of their interiors covers [a,b], and
∀x ∈ Sni
∣∣ fni (x) − f (x)∣∣< , i = 1, . . . , t.
Theorem 2.2 (Arzelà’s Theorem). Let ( fn)n∈ω be a sequence of real-valued continuous functions deﬁned on a compact interval [a,b],
and f be a real-valued function deﬁned on [a,b]. Let ( fn)n∈ω be pointwise convergent to f . Then f is continuous if and only if
( fn)n∈ω converges to f quasi-uniformly by segments.
In 1948 Alexandroff [1] deﬁned a new convergence for sequences of real-valued functions on a topological space.
Deﬁnition 2.3. Let ( fn)n∈ω be a sequence of functions from a topological space X to a metric space (Y ,ρ) and let f : X → Y .
Then ( fn)n∈ω is called Alexandroff convergent to f on X , provided it pointwise converges to f , and for every  > 0 and
integer n0 there exist a countable open covering {Γ0,Γ1, . . .} of X and a sequence {nk} of positive integers greater than n0
such that for each x ∈ Γk we have ρ( fnk (x), f (x)) <  .
Theorem 2.4 (Alexandroff). Let X be a topological space and (Y ,ρ) be a metric space. Let ( fn)n∈ω be a sequence of continuous
functions from X to Y pointwise convergent to a function f from X to Y . The following conditions are equivalent:
(i) f is continuous;
(ii) ( fn)n∈ω Alexandroff converges to f .
In 1955, Bartle [5] investigated the continuity of limits of nets of real-valued continuous functions.
Deﬁnition 2.5. Let ( fα)α∈Λ be a net of real-valued functions on an arbitrary set X and let f : X → R. Then ( fα)α∈Λ is said
to converge to f quasi-uniformly on X , provided it pointwise converges to f , and for every  > 0 and α0 there exists a ﬁnite
number of indices α1,α2, . . . ,αn  α0 such that for each x ∈ X at least one of the following inequalities holds:∣∣ fαi (x) − f (x)∣∣< , i = 1, . . . ,n.
We extend Arzelà’s Theorem for nets of functions whose domain is a k-space and with values into a metric space. We
recall that a Hausdorff space X is a k-space if and only if for each A ⊂ X , the set A is closed in X provided that the
intersection of A with any compact subspace Z of the space X is closed in Z [17].
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pointwise converges to a function f from X to Y . The following conditions are equivalent:
(i) f is continuous;
(ii) ( fα)α∈Λ converges to f quasi-uniformly on compacta (i.e. on compact sets).
Proof. (i) ⇒ (ii). See Theorem 2.5 in [5].
(ii) ⇒ (i). Assume that ( fα)α∈Λ converges to f quasi-uniformly on compacta. Since X is a k-space, it is suﬃcient to
show that f  B is continuous for every compact subset B of X [17, Theorem 3.3.21]. Let  > 0 and x0 ∈ B . There exists α0
such that if α  α0 then ρ( fα(x0), f (x0)) < /3. Select α1,α2, . . . ,αn  α0 as in the deﬁnition of quasi-uniform convergence
on B , and set Ni = {x ∈ B: ρ( fαi (x), fαi (x0)) < /3} for each i = 1, . . . ,n. The sets Ni are open in B and contain x0; hence
N =⋂in Ni is an open set in B and it contains x0. Thus for every x ∈ N ∩ B and a proper choice of i, we have
ρ
(
f (x0), f (x)
)
 ρ
(
fαi (x), f (x)
)+ ρ( fαi (x), fαi (x0))+ ρ( fαi (x0), f (x0))< . 
In the following example we show that in Theorem 2.6 the condition that X is a k-space is essential.
Example 2.7. Consider the space Y deﬁned in Example 1.6.20 in [17]. Then Y is not a k-space, it is countable and all points
different from 0 are isolated. Let (y1, y2, . . .) be an enumeration of all the points different from 0. For every n ∈ ω, set
En = {y1, . . . , yn}. Let fn ∈ C(Y ,R) be such that fn  En = f0, and fn(0) = 1. Let f : Y → R be such that f (0) = 1 and
f (y) = 0 otherwise. Then the sequence ( fn)n∈ω converges uniformly to f on every compact subset, but f is not continuous
at 0.
The Alexandroff convergence can be restated for nets in the following way.
Deﬁnition 2.8. Let ( fα)α∈Λ be a net of continuous functions from a topological space X to a metric space (Y ,ρ) and let
f : X → Y . Then ( fα)α∈Λ is called Alexandroff convergent to f provided it is pointwise convergent to f and for every  > 0,
for every α0 ∈ Λ there exist a coﬁnal subset Λ0 of {α: α  α0} and an open cover {Γα: α ∈ Λ0} of X such that for every
α ∈ Λ0, for every x ∈ Γα , we have ρ( fα(x), f (x)) <  .
The next main theorem proves the equivalence between the strong uniform convergence on ﬁnite sets, the Alexandroff
convergence and quasi-uniform convergence on compacta. The proof sheds more light on the nature of these notions which
are formally far removed.
Theorem 2.9. Let (X,d) and (Y ,ρ) be metric spaces and let f ∈ Y X . Suppose that ( fα)α∈Λ is a net in C(X, Y ) pointwise convergent
to f . The following are equivalent:
(i) ( fα)α∈Λ Alexandroff converges to f ,
(ii) ( fα)α∈Λ converges to f quasi-uniformly on compacta,
(iii) ( fα)α∈Λ is τ sF -convergent to f ,
(iv) f is continuous.
Proof. (i) ⇒ (ii). Let K be a compact subset of X . Let an index α0 be ﬁxed as well as  > 0. By assumption, there exist a
coﬁnal subset Λ0 of {α: α  α0} and an open cover {Γα: α ∈ Λ0} of X such that for each α ∈ Λ0 and for each x ∈ Γα we
have ρ( fα(x), f (x)) <  . Since K is compact, there are α1, . . . ,αn ∈ Λ0 such that K ⊆⋃ni=1 Γαi . Thus for each x ∈ K , at least
one of the following inequalities holds:
ρ
(
fαi (x), f (x)
)
< , i = 1, . . . ,n.
(ii) ⇒ (iii). We prove that for each x ∈ X and for each  > 0 there exists an α0 such that for every α  α0 we have
fα ∈ [{x}, ]s( f ). Since ( fα)α∈Λ is pointwise convergent to f , there exists an α0 such that for every α  α0 we have
ρ( fα(x), f (x)) < /4. We claim that for every α  α0 we have fα ∈ [{x}, ]s( f ). If not, there exist α  α0 and a sequence
(xn)n∈ω converging to x such that ρ( fα(xn), f (xn))  for all n ∈ ω. Set B = {xn}n∈ω ∪ {x}. Since B is a compact subset of X
and ( fα)α∈A is quasi-uniformly convergent to f on B , there are α1, . . . ,αn  α0 such that for each z ∈ B , at least one of the
following inequalities holds:
ρ
(
fαi (z), f (z)
)
< /4, i = 1, . . . ,n.
Thus there is i ∈ {1, . . . ,n} and an inﬁnite set B∗ ⊂ B such that
ρ
(
fα (r), f (r)
)
< /4, ∀r ∈ B∗.i
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ρ
(
fαi (r), fα(r)
)
<
3
4
, ∀r ∈ B∗ ∩ Sδ(x).
Let n ∈ ω be such that xn ∈ B∗ ∩ Sδ(x). Then
ρ
(
fα(xn), f (xn)
)
 ρ
(
fα(xn), fαi (xn)
)+ ρ( fαi (xn), f (xn))< 
is a contradiction.
(iii) ⇒ (i). Let an index α0 be ﬁxed as well as  > 0. For each α  α0, let
Eα =
{
x: ∀μ α, ρ( fμ(w), f (w))<  for each w in some ball Sδα,x(x)}.
While some initial Eα may be empty, we have that ∀α2  α1  α0, Eα1 ⊂ Eα2 and by strong uniform convergence on
singletons, X =⋃αα0 Eα . For each α  α0, let Γα be the following open set
Γα =
{∅ if Eα = ∅,⋃
x∈Eα Sδα,x(x) otherwise.
Since Eα ⊂ Γα , {Γα: α  α0} is an open cover of X and for all α  α0, for all x ∈ Γα , we have ρ( fα(x), f (x)) <  . Thus for
a given α0 and  > 0, we can actually choose our coﬁnal subset to be {α: α  α0}, a residual set of indices.
(iii) ⇔ (iv). See [10]. 
3. Strong uniform topologies
In this section we continue the study, initiated by Beer and Levi in their paper [10], of the topology of strong uniform
convergence. In fact, they characterized metrizability and ﬁrst countability. First we recall some deﬁnitions.
A space X is a q-space if every point from X has a sequence of neighborhoods (Un)n∈ω such that if xn ∈ Un for each n,
then the sequence (xn)n∈ω has a cluster point in X [27]. Moreover, a family B(F ) of open subsets of a space X is called a
base for X at a set F if all members of B(F ) contain F and for any open set V that contains F there exists a U ∈B(F )
such that F ⊂ U ⊂ V . The character of a set F in a topological space X is the smallest inﬁnite cardinal number of the
form |B(F )|, where B(F ) is a base for X at the set F . This cardinal number is denoted by χ(F , X). A Hausdorff space
is of pointwise countable type if for every point x ∈ X there is a compact set F ⊂ X such that x ∈ F and χ(F , X)  ℵ0
(see [17,27]). In the paper the constant zero function of C(X,R) is denoted by f0.
Theorem 3.1. Let (X,d) be a metric space and let B be a bornology on X with a closed base. The following conditions are equivalent:
(i) the bornology B has a countable base;
(ii) for every metric space (Y ,ρ), τ sB on C(X, Y ) is metrizable;
(iii) for every metric space (Y ,ρ), τ sB on C(X, Y ) is ﬁrst countable;
(iv) the space (C(X,R), τ sB) has a countable local base at some f ∈ C(X,R);
(v) the space (C(X,R), τ sB) is of pointwise countable type;
(vi) the space (C(X,R), τ sB) is a q-space.
Proof. It is suﬃcient to prove that (vi) ⇒ (i). Let (C(X,R), τ sB) be a q-space. Let {Bn: n ∈ ω} be a sequence of basic
neighborhoods of f0 which satisﬁes the deﬁnition of q-space at f0. Since B is closed under ﬁnite unions and has a closed
base, we can suppose that every Bn has the form [An,1/n]s( f0), with An closed for every n ∈ ω and An ⊂ An+1 for every
n ∈ ω. First we claim that X = ⋃n∈ω An . Suppose there is x0 ∈ X \ ⋃n∈ω An . For every n ∈ ω there is δn > 0 such that
Sδn (x0)∩ An = ∅; i.e. there is a continuous function fn : X → R such that fn(x0) = n and fn(x) = f0(x) for every x ∈ cl(Aδn/2n ).
It is easy to verify that each fn ∈ [An,1/n]s( f0), while { fn: n ∈ ω} has no cluster point in (C(X,R), τ sB). Now we show that{An: n ∈ ω} is coﬁnal in B. Assume not, so there is B ∈ B such that for each k ∈ ω we have B \ Ak = ∅. For each k let
xk ∈ B \ Ak . Set δk = 12d(xk, Ak) > 0. By the Tietze Extension Theorem, since xk /∈ cl(Aδkk ), for each k ∈ ω, there is fk ∈ C(X,R)
with the following properties:
(i) for each x ∈ X with d(x, Ak) < δk ⇒ fk(x) = 0, and
(ii) fk(xk) = 1.
It is easy to verify that the sequence ( fk)k∈ω converges pointwise to f0 and fk ∈ [Ak,1/k]s( f0) for every k ∈ ω. Moreover
( fk)k∈ω has no cluster point in (C(X, R), τ sB), otherwise it has to be f0, but this is impossible since
sup
∣∣ fk(b) − f0(b)∣∣ ∣∣ fk(xk)∣∣= 1, ∀k ∈ ω. b∈B
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Corollary 3.2. Let (X,d) be a metric space and let B be a bornology on X with a closed base. The following conditions are equivalent:
(i) the space (C(X,R), τ sB) is C˘ech-complete;
(ii) the space (C(X,R), τ sB) is completely metrizable.
Proof. It is suﬃcient to prove that (i) ⇒ (ii). If (C(X,R), τ sB) is C˘ech-complete, then (C(X,R), τ sB) is of pointwise count-
able type, and by Theorem 3.1 we have that (C(X,R), τ sB) is metrizable. Hence by Theorem 4.3.2 in [17] it is completely
metrizable. 
We recall that a space (X, τ ) is submetrizable if there exists a topology τ ′ on X such that τ ′  τ and (X, τ ′) is metriz-
able [20].
Theorem 3.3. Let (X,d) be a metric space and let B be a bornology on X with a closed base. The following conditions are equivalent:
(i) B has a countable subfamily β such that⋃β is dense in X ;
(ii) for each metric space (Y ,ρ), the space (C(X, Y ), τ sB) is submetrizable;
(iii) for each metric space (Y ,ρ), the space (C(X, Y ), τ sB) has a Gδ-diagonal;
(iv) for each metric space (Y ,ρ), each point in (C(X, Y ), τ sB) is a Gδ-set;
(v) each point of (C(X,R), τ sB) is a Gδ-set.
Proof. It is suﬃcient to show (i) ⇒ (ii) and (v) ⇒ (i).
(i) ⇒ (ii). Let β ⊂ B be such that ⋃β is dense in X . Without loss of generality we can assume that every B ∈ β is closed
and also that the metric d  1. Let {B1, B2, . . . , Bn, . . .} be an enumeration of β . We can assume that Bn ⊂ Bn+1 for every
n ∈ ω.
Consider the space Z =⋃n∈ω Bn × {n} with the metric h : Z × Z → R deﬁned by h((x,m), (y,n)) = d(x, y) if m = n, and
h((x,m), (y,n)) = 1 otherwise. Set
B∗ =
{⋃
i∈I
Ai × {i}: Ai ∈ B, Ai ⊂ Bi, I ∈ ω<ω
}
.
It is easy to verify that B∗ is a bornology on Z .
Deﬁne a function H : (C(X, Y ), τ sB) → (C(Z , Y ), τ sB∗ ) as follows: H( f ) = f ∗ , where f ∗(x,n) = f (x) for every n ∈ ω. Then
H is an injection, and it is not diﬃcult to verify that H is continuous. Set τ = {H−1(U ): U ∈ τ sB∗ }. Then, τ is a topology on
C(X, Y ) weaker than τ sB . The function H : (C(X, Y ), τ ) → (H(C(X, Y )), τ sB∗ ) is a homeomorphism. Since τ sB∗ is metrizable,
τ is metrizable too. Thus (C(X, Y ), τ sB) is submetrizable.
(v) ⇒ (i). Let {[Bn, n]s( f0): n ∈ ω} be a family of τ sB-open neighborhoods of f0 with { f0} =
⋂
n∈ω[Bn, n]s( f0). We
claim that
⋃
n Bn is dense in X . Assume not, and let x ∈ (X \ cl(
⋃
n Bn)). Let δ > 0 be such that Sδ(x) \ cl(
⋃
n Bn) = ∅. Let
g ∈ C(X,R) be such that g(x) = 1 and g(r) = 0 for each r ∈ cl((cl(⋃n Bn))δ/2). Of course g ∈⋂n∈ω[Bn, n]s( f0) and g = f0,
a contradiction. 
Remark 3.4. Observe that if the bornology B has a base of compacta, then τB = τ sB  τ sK = τk on C(X, Y ). Indeed, given
f ∈ C(X, Y ) and [B, ]s( f ) a τ sB-neighborhood of f , we have that [cl(B), ]s( f ) ⊆ [B, ]s( f ). By hypothesis cl(B) = K ∈ K(X),
thus
[K , ]( f ) = [K , ]s( f ) ⊆ [B, ]s( f ).
Note that such topologies τB are well known [27].
A pairwise disjoint collection of nonempty open sets in X is called a cellular family. The cellularity of X , denoted by c(X),
is the smallest inﬁnite cardinal κ such that every cellular family has cardinality at most κ . If c(X) = ω, then X is a ccc-space
(ccc = countable chain condition).
We have the following theorem:
Theorem 3.5. Let (X,d) be a metric space and B be a bornology with a closed base. The following are equivalent:
(i) (C(X,R), τ sB) is a ccc-space;
(ii) B has a base of compacta.
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has no cluster point in X . Put A = {xn: n ∈ ω}. Then A is closed in X . Let S be the family of all sequences of {0,1}. The
cardinality of S is c. For every s ∈ S we construct a continuous function f s : X → [0,1]. First let f ∗s : A → [0,1] be deﬁned
as follows: f ∗s (xn) = s(n) for every n ∈ ω. Let f s be a continuous extension of f ∗s to X . Then the family {[B,1/4]s( f s): s ∈ S}
is a family of open pairwise disjoint sets in (C(X,R), τ sB).
(ii) ⇒ (i). Suppose that every closed element from B is compact. By Remark 3.4 τ sB  τk . By Vidossich [33] (see [17,
Exercise 4.4.C]) (C(X,R), τk) is a ccc-space. Since τ sB  τk , (C(X,R), τ sB) is a ccc-space too. 
Theorem 3.6. Let (X,d) be a metric space and B be a bornology with a closed base. The following are equivalent:
(i) (C(X,R), τ sB) has a countable base;
(ii) B has a countable base of compacta.
Proof. It is suﬃcient to prove that if there is a countable coﬁnal family of compact sets in B, then (C(X,R), τ sB) has a
countable base. The condition (ii) implies that (C(X,R), τ sB) is metrizable (Theorem 3.1) and that (C(X,R), τ
s
B) is a ccc-
space (Theorem 3.5), so the proof is complete, since every metrizable ccc-space has a countable base. 
Theorem 3.7. Let (X,d) be a metric space and B be a bornology with a closed base. The following are equivalent:
(i) (C(X,R), τ sB) is separable,
(ii) X has a weaker metrizable separable topology and B has a base of compacta.
Proof. Assume that (C(X,R), τ sB) is separable. Thus (C(X,R), τ
s
B) is a ccc-space, and by Theorem 3.5 B has a base of
compacta. Since τ sB = τB on C(X,R), by Theorem 4.2.1 in [27] X has a weaker metrizable separable topology.
To prove the converse use Remark 3.4 and Theorem 4.2.1 in [27]. 
In the next theorem we study when the function space (C(X,R), τ sB) has a countable network weight. We recall that
a family N of subsets of a topological space X is a network for X if for every point x ∈ X and every neighborhood U
of x there is N ∈ N such that x ∈ N ⊂ U . The network weight of a space X is the smallest inﬁnite cardinal number of the
form |N | where N is a network for X . This cardinal number is denoted by nw(X).
Theorem 3.8. Let (X,d) be a metric space and B be a bornology with a closed base. The following are equivalent:
(i) (C(X,R), τ sB) has countable network weight,
(ii) X is separable and B has a base of compacta.
Proof. (i) ⇒ (ii). Since c(Z) nw(Z) for any topological space Z , by Theorem 3.5 B has a base of compacta. Since τ sB = τB
on C(X,R), by Theorem 4.1.2 in [27] X has a countable network weight. Since X is a metric space, X turns out to be
separable.
(ii) ⇒ (i). We use again Theorem 4.1.2 in [27]. 
Let A be a family of subsets of X . We recall that an A-cover of a space X is a family U of subsets of X such that
every member of A is contained in some member U ∈ U . If A is the family of compact subsets of X the cover is known as
k-cover, and if A is the family of ﬁnite subsets of X , it is known as ω-cover.
Recall that a topological space X is Fréchet if for every A ⊂ X and every x ∈ cl(A) there exists a sequence (xn)n∈ω of
points of A such that it converges to x; X has countable tightness if for every x ∈ X , and C ⊂ X such that x ∈ cl(C), there is
a countable subset C0 with C0 ⊂ C and x ∈ cl(C0). Moreover, we recall that every ﬁrst countable space is Fréchet, and every
Fréchet space has countable tightness.
In order to characterize the countable tightness and the Fréchet property, we give the following deﬁnitions.
Deﬁnition 3.9. A cover U is a strong A-cover for a space X , if for every A ∈ A, there exist U ∈ U and δ > 0 such that Aδ ⊆ U .
Such a cover will be denoted by As-cover.
Deﬁnition 3.10. A sequence {Cn: n ∈ ω} of subsets of X is a strong A-sequence, if for every A ∈ A there exist m ∈ ω and
a sequence {δn: n m} of positive numbers such that for all n m, Aδn ⊆ Cn . Such a sequence will be denoted by As-
sequence.
Remark 3.11. If the bornology B has a closed base and X /∈ B, it follows that the family {X \ {x}: x ∈ X} is an open Bs-cover
of X . Suppose B0 ∈ B; choose x /∈ cl(B0) and then δ > 0 with Sδ(x) ∩ cl(B0) = ∅. Then Bδ0 ⊂ X \ {x}.
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(i) (C(X,R), τ sB) has countable tightness,
(ii) every open Bs-cover of X has a countable Bs-subcover.
Proof. (i) ⇒ (ii). Let U be an open strong B-cover for a space X . For every B ∈ B, there exist UB ∈ U and δ > 0 such that
B2δ ⊆ UB . Hence, for each B ∈ B choose f B ∈ C(X,R) such that f B(Bδ) = {0} and f B(X \ UB) = {1}. Set F = { f B : B ∈ B},
clearly f0 ∈ cl(F ) in τ sB . By hypothesis there exists F ′ ⊆ F with |F ′| ℵ0 and f0 ∈ cl(F ′). Deﬁne V = {UB : f B ∈ F ′}. We claim
that V is a Bs-cover of X . Let B ∈ B and WB = [B,1]s( f0) be a τ sB-neighborhood of the zero function. Then F ′ ∩ WB = ∅.
Let fC ∈ F ′ ∩ WB . Since fC ∈ WB , there is δ > 0 such that for all x ∈ Bδ we have fC (x) < 1. Thus Bδ ⊆ UC ∈ V .
(ii) ⇒ (i). Let f0 ∈ C(X,R) and G be a subset of C(X,R) such that f0 ∈ cl(G). Hence for any n ∈ ω and B ∈ B, we
have that [B,1/n]s( f0) ∩ G = ∅. Let gB,n ∈ [B,1/n]s( f0) ∩ G . Set W (B,n) = {x ∈ X: |gB,n(x)| < 1/n}. Clearly there exists
δ > 0 such that |gB,n(x)| < 1/n for all x ∈ Bδ . Thus Bδ ⊆ W (B,n). For all n ∈ ω deﬁne Wn = {W (B,n): B ∈ B}, thus for
all n ∈ ω the families Wn are Bs-covers of X . By (ii), for each n ∈ ω, there exists Vn ⊆ Wn which is a countable Bs-
subcover of X . Let G′ = {gB,n: W (B,n) ∈ Vn,n ∈ ω}. Hence G′ is countable and G′ ⊆ G . We claim that f0 ∈ cl(G′). Let
[B,1/n]s( f0) be a τ sB-neighborhood of the zero function, there is a W (C,n) ∈ Vn and δ > 0 such that Bδ ⊆ W (C,n). Thus
gC,n ∈ [B,1/n]s( f0) ∩ G′ . 
Since every k-cover of X is evidently a strong k-cover, we have the following corollary.
Corollary 3.13. (See [27].) Let (X,d) be a metric space. Ck(X) has countable tightness if and only if every open k-cover has a countable
k-subcover.
Theorem 3.14. Let (X,d) be a metric space and B be a bornology with a closed base. The following are equivalent:
(i) (C(X,R), τ sB) is a Fréchet space,
(ii) every open Bs-cover of X has a Bs-sequence.
Proof. (i) ⇒ (ii). Let U be an open Bs-cover for a space X . For every B ∈ B, there exist UB ∈ U and δ > 0 such that
B2δ ⊆ UB . Hence for each B ∈ B choose f B ∈ C(X,R) such that f (Bδ) = {0} and f (X \ UB) = {1}. Set F = { f B : B ∈ B},
clearly f0 ∈ cl(F ) in τ sB . Thus, let { f Bn : n ∈ ω} be a sequence which converges to f0 in τ sB . We claim that {UBn : n ∈ ω} is
a Bs-sequence contained in U . Let B ∈ B and [B,1]s( f0) be a τ sB-neighborhood of the zero function. Then there is m ∈ ω
such that f Bn ∈ [B,1]s( f0) for every n m. Thus for every n m there is δn > 0 with | f Bn (x)| < 1 for every x ∈ Bδn . Since
for every nm, f Bn (x) = 1 for every x ∈ X \ UBn , it follows that Bδn ⊆ UBn for every nm.
(ii) ⇒ (i). Let G be a subset of C(X,R) such that f0 ∈ cl(G). For any n ∈ ω and B ∈ B, let fn,B ∈ [B,1/n]s( f0) ∩ G . Set
W (n, B) = {x ∈ X: | fn,B(x)| < 1/n} and for all n ∈ ω deﬁne Wn = {W (n, B): B ∈ B}. For all n ∈ ω, Wn is a Bs-cover of X .
Deﬁne a sequence {Un: n ∈ ω} as follows: U1 = W1, for all n, Un is a Bs-cover which reﬁnes both Un−1 and Wn . Without
loss of generality we can assume that X /∈ B, otherwise (C(X,R), τ sB) is metrizable. For all B ∈ B, B ⊂ X \ {x} for some
x ∈ X . By Remark 3.11 {X \ {x}: x ∈ X} is an open Bs-cover of X . By hypothesis there is a sequence {xn: n ∈ ω} ⊆ X such
that {X \ {xn}: n ∈ ω} is a Bs-sequence of X . Without loss of generality we can suppose that all xn are different. For every
n ∈ ω, deﬁne U ′n = {U \ {xn}: U ∈ Un} and put V =
⋃
n∈ω U ′n . V is an open Bs-cover of X . Indeed, given a B ∈ B, there is
δ > 0 and m ∈ ω such that Bδ ⊂ X \ {xm}. Since Um is a Bs-cover of X , there is η > 0 such that Bη ⊆ U for some U ∈ Un .
Thus Bλ ⊆ U \ {xm}, where λ = min{δ,η}. Choose a Bs-sequence {Vn: n ∈ ω} from V . For every k ∈ ω there is nk ∈ ω such
that Vk ∈ U ′nk . We show that {nk: k ∈ ω} is inﬁnite. Let n ∈ ω. The set B = {x1, . . . , xn} ∈ B. There must exist k ∈ ω such that
B ⊂ Vk ∈ U ′nk . Since Vk = U \ {xnk } for some U ∈ Unk , nk has to be greater than n.
Let k ∈ ω. Since Unk reﬁnes Wnk , there is Bk ∈ B such that Vk ∈ W (nk, Bk), i.e.
for every x ∈ Vk we have
∣∣ fnk,Bk (x)∣∣< 1/nk.
Take an increasing sequence {ki: i ∈ ω} in {k: k ∈ ω}. For every i ∈ ω put
f i = fnki ,Bki .
Then ( f i)i∈ω converges to f0. (Let B ∈ B and  > 0. There is k ∈ ω such that 1/nk <  . There is m ∈ ω and a sequence of
positive numbers {δn: n m} such that Bδn ⊂ Vn for every n m. There is i ∈ ω such that nk j > nk for every j  i and
k j >m for every j  i. Thus fl ∈ [B, ]s( f0) for every l i.) 
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